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Table 1. lllustrative nodes for political blogs, with popularities fited by the DCBM

in parentheses > TERRUMHEANEE, JoslFERMNERLK,
Name Observed ( fitted by DCBM ) 7J_w_ |_7‘UK_]_/\7:|:|:E|/]/}IL TJ_‘_ _H_/\I':\_'\Eo ?E%gl\%xmimu

8, HSWEDCBMIIEE.
> B—ITHE T (BTE—HK) @ 2HTRELY

Community Liberal ~ Conservative  Degree
popularity  popularity

andrewsullivan.com Conservative 58 (10) 85(133) 143 (142) T =~  DCBM# =Ry TITE, TR T%

blogsforbush.com Conservative 5(21) 296 (278) 301 (299) jj Elljl_fﬂ_'fm })\ T?j:JEI/jUij_E T‘_I_}U@_ | ﬁ:
democraticunderground.com Liberal 59 (85) 34(7) 93 (93) = )4 A =z == : 325
liberaloasis.com Liberal 169 (157) 2(13)  171(170) XE#E297910IMME, (EChn EitliberalZ2 T

1T KTF2, fEconservativeENFE®.,

Table 2. lllustrative nodes for British MPs*

Name Observed ( fitted by DCBM ) > %_{f j_'ﬂ]%:’/f j_' ( E:_F EI _ﬁ: X ) Tﬂ_]_ I "Ij S
Community Conservative Labour Degree BT\J:?_T}UK]/\H: EEE[] I L’ J_Eﬁlﬁﬁiﬁj( ! {E EE T—
popuiartyportrty HHEEE, DCBMAILURIFI AT R, (B

ZucGoldsmith  Conservative  46(6) 258 7170) SRIFANS AR M R 7T Bt AR
Matt Hancock Conservative 68 (62) 3(8) 71 (70)

Seema Malhotra  Labour 0(4) 88 (84) 88 (88) SRl == s

lan Austin Labour 11 (3) 76 (83)  87(87) SENINERIAR

t1dentities were looked up by using tweeterid.com.
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(€)10g{ ,U,”(e) }
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> st

Q(e) =
Assumption I (number of communities). The number of communities K is fixed and known.
The true assignment ¢ as well as ¢ non-empty com-
munities.

2
Q(e) = —
N~ Pn

Assumption 2 (sparsity parameter). p, =w{log(n)//n}.ie. n,pf1 /log2 (n) — 00 as n — 0.

Assumption 3 (1dentifiability). For any two communities | <a,b < K, Agp = Apg, Where Agyp
is defined in equation (6).

Assumption 4 (detectability). For any two distinct communities | <a# b < K and any two
nodes j; € N, j2 € Np, the set { p;j, /pij, }'_, assumes at least K + | distinct values.
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Theorem 2 (parameter estimation). Under assumptions 1-6,
-~ P
A,(€)—0

where ¢ is defined in equation (11) and A, is defined in equation (13).
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O Simulation
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In this paper, we use the so-called EPs algorithm. which is a state of the art low dimensional
optimization algorithm proposed by Le ez al. (2016). Briefly, for K =2 the algorithm computes
the two leading eigenvectors of the adjacency matrix A and finds the candidate assignments that
are associated with the EPs of the projection of the cube [—1. 1]” onto the space that is spanned
by the two leading eigenvectors of A. Let B.,, be the set of all such candidate assignments. The
modularity function Q (or Qpc)isevaluated on all assignments b € B.,,,, and the best assignment
is defined as the maximizer of Q (or Qpc) over Beay, 1.€. ¢ :=argmaxe.. . Q(b) for the PABM,
and ¢ :=argmaxpci . Opc(b) for the DCBM. Some advantages of EPS over the competing

can

[1] Le,C. M., Levina, E. andVershynin, R. (2016) Optimization via low-rank approximation for community detection in networks. Ann. Statist., 44, 373—-400.



O Simulation
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O Data analysis

v The political blogs network: EEEIGEEME, T RIEEZEEIDBIEEREE
v" The British MPs Twitter network: QQID{J\T‘E%H&., TN A BB A EIE
v The DBLP network: 1+EHZEINNBMEREIBEER S, DREEBEISII T E— 1= EE
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Where F; measures the overall goodness of fit originating from community detection and model fit,

whereas F, measures the community-coreected goodness of fit that originates purely from the model fit.



O Data analysis

Table 3. Community detection error ratest Table 4. Goodness-of-fit measures for node popularity
Network Nodes Lrror from Error from Network Fy from Fy from F
unregularized EPs (%) regularized EPs (%) unregularized EPs regularized EPs
PABM  DCBM
PABM DCBM PABM DCBM PABM — DCBM  PABM  DCBM
Political blogs 1222 4.99 (61) 5.07 (62) 4.99 (61) 5.40 (66) Po}i?ical blogs 0.06 1.157 0.057 1.155 0.002 1.883
British MPs 329 0.30 (1) 0.61 (2) 0.00 (0) 0.61 (2) British MPs 0.002 0.282 0.002 0.282 0.002 0.284
DBLP 2203 2.81(62) 477 (105)  2.81(62) 5.17(114) DBLP 2.255 52.430 2.255 52.430 0.000 61.425

The numbers of misclustered nodes are given in parentheses.

- PABMZEH KGR EAIASLE ERMEENTDCBM, TERUSNE (BRT T RRITE)

Table 5. lllustrative nodes for political blogs (regularized EPs) Table 6. lllustrative nodes for British MPs¥

Name Observed ( fitted by PABM ) Name Observed (fitted by PABM )
Community Liberal Conservative  Degree Community Com{');'_“{".;ifvc Lal;m.t{'r ‘ Degree
Popularity — Popularity popuidrtty poputartt)
andrewsullivan.com Conservative 58 (39) 85 (84) 143 (143) %/[dfttcﬁllisclgitl? Egﬁigi:lg:g 2(8) 52% 22 E%;) ;} E;(I);
blogsforbush.com Conservative 5(6) 296 (292) 301 (298) Se;mfl 1;/['11h0tr'1 Labour ‘ 0(0) 23 (ég) 88 (88)
democraticunderground.com  Liberal 39 (62) 34 (31) 93 (93) Tan AALUStiltl ‘ L“lbOlll' (1) 76 (76) 87 (87)
liberaloasis.com Liberal 169 (169) 2(1) 171 (170) ° c

tldentities of the nodes of this network were looked up by using tweeterid.com.

- PABMAXBERIFHIZIERE, AReEMRIERMLIRRTE, (S&FFADCBMIIEERILL)



B £X2: Noroozi, M., Rimal, R., & Pensky, M. (2021). Estimation and clustering in popularity
adjusted block model. Journal of the Royal Statistical Society: Series B (Statistical Methodology).
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O Simulations

v BIBRER RS HIER R SEAIFT XL,
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TABLE 1 The relative of the estimators K of K for K, ranging from 3 to 6, n =420 and n =840 and @ = 0.5. 0.7 and 0.9

n = 420 n = 840

K, K w =05 w =07 w =09 =0.5 w=0.7 w=09
3 2 0 0 0 0 0 0

3 0.76 0.80 0.90 0.52 0.60 0.80

4 0.24 0.16 0.10 0.36 0.26 0.16

5 0 0.04 0 0.12 0.14 0.02

6 0 0 0 0 0 0.02
4 2 0 0 0 0 0 0

3 0.06 0.14 0 0.02 0.02 0

4 0.64 0.66 096 0.56 0.64 0.76

5 0.28 0.16 0.04 0.30 0.26 0.22

6 0.02 0.04 0 0.12 0.08 0.02
5 2 0 0.02 0 0 0 0

3 0.02 0 0.02 0 0 0

4 0.14 0.16 0.04 0.04 0.04 0

5 0.64 0.66 0.82 0.78 0.68 0.90

6 0.20 0.16 0.12 0.18 0.28 0.10
6 2 0 0.04 0 0 0 0

3 0.06 0.18 0.02 0 0 0

4 0.18 0.22 0.02 0 0 0

5 0.28 0.22 0.08 0.12 0.16 0.10

6 0.48 0.34 0.88 0.88 0.84 0.90

The probabilities for the true values of K are given in bold.
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FIGURE 5 Adjacency matrices of the butterfly similarity network with 41,132 nonzero entries and 4 clusters
(left) and the brain network with 37,250 nonzero entries and 6 clusters (right)
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