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Multi-layer Networks
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Overview of network switching

first switching event

Figure: Multi-layer Network
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MLSBM

YIRAMEGK B layerZ [BIAAZES, W] DURZE 5 15 HESBMAR Y
FMulti-layer Network 265310, [KIHEMLSBMARE AL R 22 2% W0 28 1 41
T AT b S 98 E AL, IR If Variational Inference /714 (2],
Flregularized Spectral Clustering /5i%[4]. Least Square Approach[3]%.
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Mixture Multi-layer SBM(MMSBM)
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Mixture Multi-layer SBM(MMSBM)
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Figure: The general procedure of TWIST
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The observed data contains L-layers of networks on the same set of
vertices:V = [n]:
G={G:1=1,---,L}
WHNE—AG &K EmMESBMEL R ) —As,
e SBM(Z;, Bj) = the j-th SBM model’s parameters.
o V/ = the k-th community in the j-th SBM, and Ufj:lV{; =V.

o [;=#{l:4,=j,1<1<L}=the number of layers generated by
SBM (2. B))

o L j 1%
® K=Ki+- -+ Kpand L ={{},_; and V/ := {V{(}k—l

The observed matrix of G; is A; follows: A; ~jig Bern (Z;,B;,Z,) )
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Adjacency tensor and its decomposition

KLANAS Bi—Mtensor A € R™ ML FRA1145
E(A):BX12X22X3W

o 7= (Z1,2Z2,+++ ,Zm) € {0,1}n><f(

o W = (e&’e@’... anL)T e {0,1}L><m

o B c RKXKXm ig 3 3-way probability tensor whose j-th frontal slide is

B(:7:7.j) = dlag (0K17"' 70&715Bj70l’(j+1?... 7OK,,,)7 1 SJ <m

Let K denote the number of global communities. H(V = {Vk}szlﬁ
Feglobal community clusters, Xf T &EiL # i»

{i,by €V <= Z(i,:)=2(h,:)
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Tucker decomposition

Hr=rank(Z), HZIMSVDIRN:

DRT

I\u
Q|

JRD = diag (01(D), - ,0r(D) €R™!, 01(D) >+ > 0(D) > 0
AT LAt tensor A HAE 5 i Tucker decomposition

E(A|L):EX]_UXZUX3W

ST = B x; (DRT) xa (DRT) xs D%, W = WD Y% € jixm, 3t
o Dy ZWHIAT A1 diagonal matrix.
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Tucker decomposition with integrated SVD

transformation(TWIST)

TWISTHIER D BRE LN
e Step 1: Decomposition of adjacency tensor

e Step 2: Global memberships .
N, N A = 2 K
b b — 418 5 D3 AT B 77 1) fitk-means Bl AT 73 3V = {vk} .

e Step 3: Get Network Classes through sup-norm K-means

e Step 4:Local memberships 7£[F]—Mabel T T
ffgraph#fishare[d—/NSBMAE AL, [K It B 42505 1X Hgraph ) F
Hik-meansB[ 7],
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Regularized power iterations for sparse tensor

decomposition

Algorithm 1 Regularized power iterations for sparse tensor decomposition

Require: A(;...r), warm initialization T and W@
maximum iterations itery., and regularization parameters 8y, dz > 0.
Ensure: U and W
Set counter iter = 0.

while iter < iter,,.. do

Regularization: U0t Ps, (f"“‘"’) and T/Gter) Paz(ﬁ(i‘°‘)) by ‘

iter < iter + 1

Set Ut g be the top r left singular vectors of M (A x, =0T o IT"“”””T).
set W) 6 be the top m left singular vectors of Mjy (A X1 {fiter—1)T X9 I:?(it”_l)-r).

end while

Return U « D70 and W « {17t
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Regularized power iterations for sparse tensor

decomposition

TE LB BE HH RAT145 2 tensor AR AR FE BRI X TRATIE
BB G, 1 a5 B 8K F Tucker Decomposition™ £ 7 H [ high-order
orthogonal iterations 5yA N3 T0i4A5 BRAF R Fe L[5 R &
IEBH T HOOITE 5.7k fE dense tensor I fff]Statistical Optlmallty
N T ARG O, SCER A B )RR AR, Bk
mm{é,HU(i,:)H}
Ul
HI 5 Wintuition?E T, 2% global community [ K /)N & balance 1

Wr,
maxHejTUH = O0(+/r/n)

o P U —4715 B8 Kt W 152 3 fstochastic errorsEEIHAR K
TERB . fESEPRERE L

Iy Ind
5= 2y/r . TASIZ0COI g §, — oy /. TASISLICE

Zi deg2 V EI neg/

Ps(U) =SVD, (U,) where  U,(i,:) := U(i,:)- i€ [n]
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Warm Start

FEs2 FitHtensor AffJlow-rank approximations&—NP-hard[¥] o] &%,
WARRABENYME, FEEAS R — N RS s 1]
HARBITWISTH, KH E’JXTZ,L  AMSVDRI T RAFE 00, BiJE WO
FEEUH M3(A) ( g U 0)) I T m M left singular vectors,

>N

EF‘UO)—P(;( ) 1E J& S2F B H 2 Ut B 3% Fli Initialization 1 & FRYE.
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Network Clustering by sup-norm K-means

Algorithm 2 Network clustering by sup-norm K-means
Require: W
Ensure: Network labels T = {ﬂ}le

Initiate C < {1}, f; ¢ 1, k + 1 and [ + 2

while [ < L do

number of clusters m and threshold £ € (0,1)

Compute j ¢ argmin,¢ [V(1,2) = W5, )
if [[W(,:) = W(4,:)] > < then
ke—k+1
f‘, — k
Cecufl}
else
b,
end if
l1+1
end while

if k> m (or k < m) then

Set € «— 2¢ (or set £ + £/2); Re-run the algorithm.
else
Output L= {03,

end if
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Signal Strengths

%F 5 core tensorf :
E: B X1 (DRT) X9 (D/_?T) X3 DI}/2 :E X1 D X9 D X3 DI}/Q

HHB =B x; RT x,RT e R*r*m JyffiiEtensorsignal strengthsiZAl]
FEX: omin(T) = min {o,, (M;(T)) :j =1,2,3}

e (Al):omin(B ) > C1Pmax, Where pmax = max; j [IEA,]

° (A2):D is well-conditioned, o min(B) > ¢1pmax, Where
Jl(D) < noo,(D)
e (A3):Network balance:Liyin < Lmax < L/m

Lemmal

If conditions hold and m,r,ko are constants then opin(C) > CV/Lnpmax

ZhangYuzhao Nov. 09 2021 MMSBM 14 / 24



Error Bound of Regularized Power lteration

5E SLHicolumn spaceZ A ES: d(V, V) :=infoeo,, ||V — VOI|,
FF b e AR LSt iteration

Err(t):max{ (U(t) U) ( w®) V_V>} (1)

Theorem2: General convergence results of regularized power

iterations
FEAME L Err(0) < 1/4, J:Lcondmons W2, Lnp,,, > Clog* nfif b

EAHIE T LA Ert (tmax) = Op /108(7)/ (L P ) ) %
I:F‘tmax =C |Og (Jmln( )/ (\/ NPmax i 5152))
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Consistency of recovering global memberships

5E X global communityZ3Z5ffJHamming error:

[:(/_\},V) = min _ Xn:l (i S Vk, i ¢ ﬁ-,—(;@)

T : a permutation on [K] i1

Theorem 3: Consistency of global clustering
FEFTA conditions i /2 Homin [Vi| < n/K IR EIE T 146

r?log n

n~ 1. L(V,V) < Grk§ Cnp

max
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Network classification

[A]# 7 X Hamming error:

cELy= min Zl(@,;& (2))

T : permutation of [m]

Theorem 4 Con5|stency of network clustering

l
r—’h\
™
W—/

WL = ~ EXT W AHhF i k-means?3 2 045 B £ T4 conditions i
oy U\Fl‘%ii%ﬁ?lﬁ
~ 2 |
Lt L@, L) < cgng%?n:g"
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Warm initialization for regularized power iteration

TETheorem 2+ FRAT 75 EEHME T 2 :
Err(0) = max {d (U(O), L_/) ,d (W(O), W)} <1/4
, A PLE K IEWarm Startfr45 H 205, FIR{RilEcore tensorfi{E 5.
I AL :
7, (E X3 (dL/L)1/2> > 4C3/MPma log? 1
WIS 75 B R WAE T /2 Warm Start ) 2614
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Simulation Settings

Bl Mayerr AmE, ARl MR FENLIIRE . SRR
Iy AL DU R A R A BE LR P A2 AR A BAG 2 A [F) -
B=pl+q (117 —1). %« = q/pHout-in ration.

B 32 50 DA S HO 45 R AJFENA . Expected degree(network
sparsity), "out-in" ratio(signal to noise), number of layers, number of
nodes.

SCEN =M IERAT TR
e TWIST
e TWIST-HOSVD 1 FiXf AJHOSVD 73 fif 45 SR AT N HIE
e Sum-Adj E X BT matricef N FITE B —{ single-layer network.
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Simulation results - Global memberships

HAERE: L=20, n=600, K=2, m=3, d=10, a =04
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(&) The result of Simulation 1: n = 600, K = 2, m = 3, (D) The result of Simulation 2: n = 600, K =2, m =3,
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(€) T st of Ststation 3 5 = 600, 1 = 2,1 = 3. (1) Th ree of Simatation 7: &€ = 2, m = 3, & = 10,
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Simulation results - Network clustering

(Global membarship with everage degree varying (Global membarship with out-i rato varying
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(8) Te rosut of Stmutaton 1 n = 600, 1 = 2, 1 = 3, (b) The resute of Sematation 2: n = 000, & =2, m = 3,
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(C) The rosute of Stmmtation 3 5 = 600, 1€ = 2, = 3, (1) The resie of Simutation 2: &€ = 2, m = 3, 4 = 10,
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Real data- Worldwide food trading networks

BAEN: 201052994 E FKAE30F A [E £ _E 1K) 52 54 R N 2K
S TWISTE K core tensor’¥20 x 20 x 2.

some interesting results

o RZEHTr BRI AT DUERE N AN A i 300 5000 LA it 3001

o FERIN T A i 20 P A AE — € R AT KIE 5 L9 4 3 58
AR GIER;
o FENN T8 dh S0 A it sk b SE NI 1) B SR S AR S
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One important restriction

FINAMMSBMAE A—Amulti-layer SBMARE Y FEAE —AS B BREG: —
fEcAE multi-layer SBMABZ 4 th IRATIA N By, 2 B 25 A8 Ak B3 R M i
FULEAL I, (HMMSBMAE R N [F 2551 f Layer iR N — A58 41 [F]
(ISBMARE Y SR KR AL T R () Ay TH . 53— J7 THI Mintuition 1 £
%, IEUMTMMSBME R SC 5 AR 5 BT R, AS[FlLayer 2 [8] (1) 7 4K 85
N2 A B A DL A, R R R RS Z A8 3R 47 7 S A5
AU 2 A B SE SR
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